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Abstract. We start with definitions of the general notions of the the- 
ory of Z2-graded algebras. Then we consider theory of inductive families 
of Z2-graded semisimple finite-dimensional algebras and its representa- 
tions in the spirit of approach of the papers [VO| 10 Vj to representation 
f~H ' theory of symmetric groups. The main example is the classical - theory 

of the projective representations of symmetric groups. 
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1. Introduction 



In this paper we formulate the main notions of the theory of locally 
semisimple Z2-graded finite-dimensional algebras and their representations. 
The main result is a translation of the inductive method of constructing the 
representation theory (the method of Gelfand-Tsetlin algebras) developed in 
|OVl IVOl W\ to the case of Z2-graded algebras. In particular, it allows us to 
use this method for constructing projective representations of the symmetric 
groups. 

Although the general theory of Z2-graded semisimple algebras and their 
representations was partially described in |KLl [j], nevertheless we present 
a systematic treatment of the main notions of this theory, keeping in mind 
their application to inductive chains of semisimple Z2-graded algebras. In 
this case, we have a number of interesting new phenomena, which are related 
to the fact that there are two types of simple Z2-graded finite- dimensional 
algebras (algebras of type M(n,m) and Q{n)) and, consequently, two types 
of simple modules, and the branching graph of an inductive family has an 
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additional structure (involution) . The central question concerns the relation 
between representations of a graded algebra (group) and representations of 
its even part, for example, representations of symmetric and alternating 
groups. The answer to this question is comparatively simple: there is a bi- 
jection between these two classes of modules (see Proposition 13. 7|) . and this 
relation can be used in both directions. The classical example is the descrip- 
tion of representations of the alternating groups via representations of the 
symmetric groups. The converse problem, which is much more difficult, is 
to describe projective representations of the symmetric groups. We inves- 
tigate this problem below. Surprisingly enough, the knowledge of ordinary 
representations of the symmetric group does not help to solve this problem 
and in fact is not used in the related papers. In other interesting examples, 
both representations of a Z2-graded algebra and representations of its even 
part are unknown, and we look for them simultaneously. Moreover, some- 
times, having an explicit description of a graded algebra, we cannot explicitly 
describe its even part. 

We suggest to construct representations of inductive chains of Z2-graded 
groups and algebras using the same techniques as were used in |QVl IVQl IV] 
for describing representations of the symmetric groups; this is the main goal 
of the paper. One example that we consider in more detail is the problem of 
describing projective representations of the symmetric group. This problem 
is reduced to that of describing simple modules of a certain Z2-graded algebra 
which was considered by I. Schur. 

Projective representations of the symmetric groups were studied by many 
authors (e.g., |Mol ISe3l INll IN2| ). We use this example to illustrate the new 
approach to the problem concerning representations of Z2-graded chains of 
algebras. First of all, we find conditions under which the branching of rep- 
resentations of a chain of semisimple Z2-graded algebras is simple. In what 
follows, the most important part is played by a generalization of the notion 
of Gelfand-Tsetlin algebra for a chain 21 =< A(l) C A{2) C • • • C A(n) > of 
semisimple Z2-graded algebras. First of all, one should generalize the notion 
of center and define the so-called supercenter of a Z2-graded algebra. For a 
chain of Z2-graded algebras, the notion of the Gelfand-Tsetlin algebra splits 
into several notions, because, in contrast to the nongraded case, the algebra 
SGZ(%)) generated by the supercentralizers of the successive subalgebras 
(which in what follows will be called the Gelfand-Tsetlin superalgebra) does 
not coincide with the algebra 5Z(2J) generated by the supercenters of the al- 
gebras A(k). In general, the algebras SGZ(%)) are not commutative, even in 
the case of a simple branching, but their structure turns out to be standard: 
it is the tensor product of a commutative algebra and a Clifford algebra. 
Between the algebra SGZ(%)) and its supercenter SZ(%)) there is a place for 
the ordinary Gelfand-Tsetlin algebra GZ(2J) of the even part of the chain 
2J. The analysis of representations and characters of these algebras is the 
essence of the method. Similarly to |OVl IVO] . we find the spectrum (the list 
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of irreducible representations) of the algebra SGZ(%)). This is done by us- 
ing essentially the same technique: we reduce the problem to the description 
of an analog of the Hecke algebra, which in turn allows us to describe the 
irreducible representations of the algebra A(n). This method is used for de- 
scribing the projective representations of the symmetric groups, constructing 
an analog of Young's forms, bases, etc. As in [OV[ IVO] . the so-called strict 
Young tableaux, which parameterize a distinguished basis in representations, 
turn out to be the points of the spectrum of an appropriate Gelfand-Tsetlin 
algebra, and the irreducible projective representations of S n are indexed by 
the strict diagrams, i.e., the orbits of admissible substitutions of points of 
the spectrum. This description of projective representations is one of the 
goals of the paper. 

In the representation theory of Z2-graded groups and algebras and their 
branching diagrams, there arise many combinatorial problems, which appar- 
ently have not yet been studied. Even the quite well-known question about 
representations of the alternating group S% regarded as the even part of the 
Z2-graded group S n is not sufficiently studied from this point of view. Note 
that, for example, a description of the alternating group similar to the de- 
scription of Coxeter groups (more exactly, its presentation as a "local group" 
in the sense of |Vlj ) was obtained only quite recently in |VV| . This presen- 
tation should be used for obtaining a direct construction of representations 
of 5+ independently of representations of S n . To this end, one should de- 
velop and apply the whole machinery of Gelfand-Tsetlin algebras. We hope 
to return to this problem in another paper. By analogy with the symmetric 
groups, one should consider projective representations of other classical Weyl 
groups, construct a normal form, describe the subalgebra generated by the 
supercentralizers, etc. One may also hope that the ideology of an inductive 
construction of representation theory will be applicable also in the theory of 
superalgebras, in particular, Lie superalgebras. 

Let us briefly describe the contents of the paper. The second section 
contains the main definitions of the theory of Z2-graded associative finite- 
dimensional semisimple algebras. In particular, we describe the structure of 
these algebras and give a description of simple algebras. Like in the classical 
case, an important role is played by the notions of center and centralizer, 
which in the graded case have several versions. The third section contains 
a brief treatment of the theory of modules over Z2-graded algebras. Here 
the main theorem reduces the description of graded modules over a graded 
algebra to the description of nongraded modules over some other algebra. We 
also present theorems describing the relations between graded modules and 
nongraded modules; graded modules over an algebra and nongraded modules 
over its even part. Note that a brief and clear introduction to the theory of 
associative superalgebras and modules over them can be found in |KLj . In the 
fourth section we introduce one of the main objects of the paper: inductive 
families of Z2-graded semisimple finite- dimensional algebras. We define the 
branching graph of such a family and prove a theorem characterizing these 
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graphs. Besides, we show that the branching graphs of simple modules and 
the branching graphs of inductive families of algebras, which a priori are 
defined in different ways, coincide. We also give a criterion for the simplicity 
of branching, which is based on the notion of graded centralizer. 

The fifth section is devoted to Gelfand-Tsetlin algebras. Here, in contrast 
to the nongraded case, there arise several natural analogs of this algebra. 
The main result of this section is a theorem describing the relation between 
representations of the Gelfand-Tsetlin superalgebra and representations of 
the original algebra. In the case of a simple branching, these results are 
interpreted in terms of the corresponding branching graph. In particular, 
this allows us to define a natural equivalence relation on the path space of a 
graded graph. 

In the most important last section, we present an application of the theory 
developed in the previous sections to the study of projective representations 
of the symmetric groups. We explicitly describe the Gelfand-Tsetlin superal- 
gebra in terms of odd analogs of the Young-Jucys-Murphy elements, which 
allows us to describe the spectrum of this superalgebra following the method 
of [OV]. 

2. Main definitions 

In what follows, we assume that the ground field is C. 
Recall the definition of a ^-graded algebra. 

Definition 2.1. A ^-graded algebra is an algebra A that has a direct sum 
decomposition A = Aq © A\ such that if a G Ai, b G Aj, then ab G ^i+j, for 
i,j G li2- We will also write the condition a G Ai in the form p(a) = i and 
call p the parity function. The even part Aq is a subalgebra of A, and the 
odd part A\ is an A^-module. 

An equivalent definition is as follows: a Z2-graded algebra is an algebra 
A with an automorphism 9 such that 9 2 = 1. Here Aq is the eigensubspace 
corresponding to the eigenvalue 1, and A\ is the eigensubspace corresponding 
to the eigenvalue —1. We will refer to 9 as the parity automorphism. 

A homomorphism of ^-graded algebras is a homomorphism of ordinary 
algebras that is also grading-preserving. 

An algebra A regarded without the grading will be denoted by \ A\. 

A subalgebra of a ^-graded algebra A is a subalgebra B C A in the 
ordinary sense that inherits the grading: B = Bq + B\, Bq = B H Aq, 
B 1 = Bf]A 1 . 

In a similar way, a two-sided ideal in a Z^-graded algebra A is a two-sided 
ideal I that inherits the grading: / = IHAq + IhAi. Analogously, we define 
the notions of left and right ideals. 

As we will see below, the following algebra is useful when considering 
^-graded algebras: 

A[e] = {a + be \ a, b G A, e 2 = 1, ea = 9(a)e}. 
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Definition 2.2. A Z 2 -graded algebra is called simple if it contains no two- 
sided Z2-graded ideals other than and the algebra itself. 

Definition 2.3. A ^-graded algebra A is called semisimple if every two- 
sided graded ideal of A has a graded complement, i.e., for every such ideal I 
there exists a two-sided graded ideal I' such that A = I ® I . 

Example 2.4. For n, m > 0, denote by M(n, m) the set of matrices of the 
following form: 



where A is a square matrix of order n, D is a square matrix of order m, and 
B, C are rectangular matrices of orders nxm and mx n, respectively. Here 
the parity automorphism 9 is an inner automorphism: there is a unique (up 
to sign) element J G M(n, to)q satisfying J 2 = 1 such that 9{M) = JMJ -1 ; 



where 1^ is the identity matrix of order n. 

It is not difficult to check that the algebra M(n, m) is simple both as a 
Z2-graded algebra and as a nongraded algebra. 

Example 2.5. Denote by Q(n) the set of matrices of the following form: 



where A, B are square matrices of order n and the parity automorphism is 
of the same form as in the previous example; note that J ^ Q. 

It is not difficult to check that Q(n) is simple as a graded algebra and is 
not simple as a nongraded algebra. 

The following well-known theorem describes the structure of simple Z2- 
graded algebras; its proof can be found, e.g., in [Jl IKLj . 

Theorem 2.6. Every finite-dimensional simple ^-graded algebra over C is 
graded isomorphic either to M(n,m) or to Q(n), where n,m are arbitrary 
positive integers. 

The previous theorem shows that there are more Z^-graded simple finite- 
dimensional algebras than nongraded ones. Nevertheless, it turns out that 
the class of semisimple finite- dimensional algebras does not depend on the 
grading [jj IKLj . 




namely, 





Regarding the algebras below as Lie superalgebras, we obtain two principal series of 
Lie superalgebras: g[(n, m) and q(n). 
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Theorem 2.7. 1) A finite- dimensional graded algebra is semisimple as a 
graded algebra if and only if it is semisimple as a nongraded algebra. 

2) Every finite- dimensional semisimple graded algebra is the sum of finitely 
many simple algebras, i.e., M(n,m) andQ(k). 

Corollary 2.8. The even part of a graded semisimple finite-dimensional 
algebra is semisimple. 

Corollary 2.9. The number of simple components of a semisimple finite- 
dimensional graded algebra is equal to the dimension of the even part of its 
ordinary center, and the number of simple components of type Q is equal to 
the dimension of the odd part of its ordinary center. 

Remark 2.10. It follows from the previous theorem that every finite-di- 
mensional semisimple graded algebra A admits a unique decomposition of 
the form A = Am © Aq, where Am is the sum of all simple components of 
type M and Aq is the sum of all simple components of type Q. Further, 
as follows from Example 12,41 there exists an element J a G Am such that 
6(a) = J^aJ^ 1 , a G Am- 

One of the most important notions of the classical theory of algebras is 
that of the center of an algebra. In the graded natural analog of the 

center is the following algebra, which arises from considering the center of 
the algebra A[e]. 

Definition 2.11. The center of a graded algebra A is the algebra that is the 
sum of the even part of the center of the nongraded algebra and the even part 
of the twisted center: 

Z(A) = Z(\A\) + Z 9 (\A\) , 

where Z(\A\)q = {a G Aq \ ab = ba for every b G A} is the even part of the 
ordinary center and Z s (\A\)q = {a G Aq \ ab = 9(b)a for every b G A} is the 
even part of the twisted center. 

Definition 2.12. The graded centralizer of a subalgebra B in a graded al- 
gebra A is the algebra that is the sum of the even part of the nongraded 
centralizer and the even part of the twisted centralizer: 

Z(A,B) = Z (\A\,\B\) + Z e (\A\,\B\), 

where Zq(\A\, \B\) = {a G Aq \ ab = ba for every b G B} is the even part of 
the ordinary centralizer and Zq(\A\, \B\) = {a G Aq \ ab = 9(b)a for every b G 
B} is the even part of the twisted centralizer. 

Note that if the algebra A is finite-dimensional and semisimple, then its 
graded center coincides with the center of its even part: Z(A) = Z(Aq). 
This can easily be checked by reducing to the case of a simple algebra. A 
similar assertion is also true for the centralizer, see Lemma 13.31 

The following notion, which is used in the theory of Lie superalgebras, 
turns out to be useful. 
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Definition 2.13. The supercentralizer of a subalgebra B C A is the algebra 

SZ{A,B) = {a G A | ab = {-l) p( - a ^ b ha for every b G B}. 

In particular, the supercentralizer SZ(A, A) is called the supercenter of A 
and is denoted by SZ(A). 

Note that for a semisimple finite-dimensional algebra, the supercenter co- 
incides with the even part of the ordinary center: SZ(A) = Z(|A|)o- 
We will also need the notion of a Z 2 -graded group. 

Definition 2.14. A finite group G is called ^-graded if it contains a dis- 
tinguished normal subgroup Gq of index 2, and the decomposition into the 
cosets of Gq is the decomposition into the even and odd parts: G = Gq [J G\ . 

The group algebra of a ^-graded group has a natural Z^-grading. It is 
not difficult to prove the following fact. 

Theorem 2.15. The group algebra of a finite graded group with the natural 
Z,2-grading is a semisimple ^-graded algebra. 

This theorem is a special case of a more general result proved in [NS]. 

For brevity, in what follows we often use the term "a graded algebra (group, 
module)" instead of "a ^-graded algebra (group, module)." Here are the 
main examples of graded groups and algebras. 

1) The symmetric group S n in which the parity of an element g G S n 
is defined as the parity of the permutation g, and the group algebra C[S n ] 
endowed with the corresponding grading. 

2) The C-algebra 2t n corresponding to projective representations of the 
symmetric group S n ; it is generated by elements ri,...,r n satisfying the 
relations 

rf = 1, (T k T k+1 f = 1, (T k Tlf = -1 if | k - I \> 1. 

The graded algebra 2l n is not the group algebra of any graded group. 

3) The semidirect product S n x C n of the Clifford algebra C n (with the 
natural action of the symmetric group) and the symmetric group S n ; here all 
generators of the Clifford algebra are assumed to be odd, and all elements of 
the symmetric group are assumed to be even. Note that we have the relation 

S n ix C n = 2l n <S) C n , 

where the tensor product in the right-hand side is understood as the tensor 
product of graded algebras. The corresponding definition is as follows. 

Definition 2.16. The tensor product A® B of graded algebras A and B is 
the graded algebra that coincides as a vector space with the ordinary tensor 
product of the algebras A and B, with the parity automorphism and multi- 
plication defined by the following rules: 

Oa®b{cl ®b) = 9 A {a) ® 9 B (b), (a ® b){a <g> b') = (-l) ji ad ® bb' , 

where a' G A4, b G Bj. 
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Note that the tensor product of graded algebras, regarded as a nongraded 
algebra, is not, in general, isomorphic to their tensor product as ordinary 
algebras. 

Lemma 2.17. The tensor product of semisimple finite- dimensional associa- 
tive graded algebras is semisimple. 

Proof. The proof reduces to the case of a simple graded algebra. In this case, 
it is easy to check the equalities 

M(n, m) ® M(n' , m!) = M(nn' + mm' , nm' + nm'), 

M(n, m) (g> Q(l) = Q({m + n)l), Q(n) ® Q(m) = M(nm, nm). 

□ 

3. Z 2 -GRADED MODULES 

We will consider the category GMod of graded modules over a ^-graded 
algebra A. 

Definition 3.1. A graded module over a graded algebra A is an A-module 

V that has a decomposition V = Vq © V\ such that the corresponding grading 
is preserved by the action of A, i.e., A{Vj C Vi+j, where i,j G Z 2 . 

Recall also that the graded dimension Gdim V of a graded module V is 
the pair (dim Vb, dim Vi). The set of morphisms in the category GMod is 
the set of homomorphisms / : V — > U of ordinary modules that preserve the 
grading, i.e., satisfy f(Vi) C Ui, i G Z2. 

On the category GMod there exists a natural functor of changing the 
parity: V — ► P(V), where P(V)q = V\, P{V)\ = Vq, and the new action 
coincides with the old one. 

Definition 3.2. A graded module V is called simple or irreducible if it has 
no graded submodules other than the zero one and V itself. 

Examples. 

1) The algebra M(n,m) has two nonisomorphic graded simple modules 

V and P(V). Note that the graded dimension of one of them equals (n, m), 
while the graded dimension of the other one equals (m, n). It is easy to 
check that both modules are simple and isomorphic as nongraded modules. 
Such modules will be called a pair of antipodal modules of type M. Note 
that the algebra M(n, m) is the algebra of all graded endomorphisms of the 
Z2-graded vector spaces V and P(V). 

2) The algebra Q(n) has only one simple graded module V = P(V), where 

V is the standard representation and GdimV = (n, n). It is easy to check 
that V is reducible as a nongraded module and that it is the direct sum of 
two nonisomorphic simple nongraded modules. Irreducible modules of this 
type will be called modules of type Q. 
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Lemma 3.3. If A is a semisimple finite- dimensional algebra and B is a 
semisimple subalgebra of A, then 

Z(A,B) = Z(A ,B ). 

Proof. Clearly, Z(A,B) = Z (\A\,\B\) + Z°(\A\,\B\) C Z(A ,B ). Thus it 
suffices to show that both algebras have the same dimension over C. Further, 
it is not difficult to check that we may restrict ourselves to the case where 
A is a simple graded algebra, i.e., A = M(n, m) or A = Q(n). Consider the 
first case. Let V be one of the irreducible modules over A. We may restrict 
ourselves to the case where V is the sum of P-modules U, P(U) for some 
irreducible P-module U. The following cases are possible: 1) B = Bq; 2) 

l'> / B . 

In the first case, Zq(A, B) = Zq{\A\, \B\) = Z(A , Bq). In the second case, 
we have two possibilities: U / P(U) and U = P(U). 

In the first one, V = U k ®P{U) 1 for some k,l, whence dim(Z (\A\,\B\) + 
Z$(\A\, \B\)) = 2k 2 + 2l 2 = dimZ(A ,B ). In the second one, V = U k for 
some k, whence dim(Z (|A|, \B\) + Zg(\A\,\B\)) = 4fc 2 = dim Z(A , B ). □ 

Let be an automorphism of an algebra A. Then on the category of 
nongraded modules we have the natural functor V —> V , where V 9 = V 
and the new action is defined by the formula a * v = 9{a)v. 

Corollary 3.4. Let A be a graded algebra, 9 be the parity automorphism, of 
A, and 

Rep(|A|) = (E 1 ,E e 1 , . . . ,E r , El F 1 = F?,...,F S = F%) 

be the complete set of pairwise nonisomorphic nongraded modules. Then 

Rep(A) = (Fi, P(Fi), ...,F S , P{F s ),E l ® E%, . . . , E r @ E e r ) 

is the complete set of pairwise nonisomorphic graded modules. 

It turns out that the category of graded modules is isomorphic to a cer- 
tain category of nongraded modules over some other algebra. Consider the 
algebra 

A[e] = {a + be \ a, b £ A, e 2 = 1, ea = 9(a)e}. 

Note that A[e] has the canonical automorphism (p defined by the formulas 

(p(a) = a, a £ A, and ip(e) = —e. 

Proposition 3.5. The category of nongraded A[e]-modules is isomorphic to 
the category GMod of graded A-modules. Under this isomorphism, the func- 
tor of changing the parity goes to the functor V — ► V v . A graded irreducible 
A-module is of type M if and only if V ^ ; it is of type Q if and only if 
V = V*. 

Proof. Let us construct functors 

F : Mod(A[e]) — ► GMod(^) and G : GMod(^) — ► Mod(A[e]). 
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Let V be an object of Mod(A[e]); then e G End(V). Since e 2 = 1, it follows 
that V can be regarded as an object of the category GMod(A) with the 
following grading: 

Vq = {v G V | ev = v} and V\ = {v G V \ ev = —v}. 

The functor F acts identically on morphisms. Since every morphism com- 
mutes with e, it preserves the above grading and hence is a morphism of 
GMod(A). 

The inverse functor also acts identically on objects and morphisms; the 
action of e coincides with the action of the parity operator. It is not diffi- 
cult to check that FG and GF are identical functors on the corresponding 
categories. □ 

Lemma 3.6. Assume that a graded algebra contains an odd element p such 
that p 2 = 1. Then one can introduce a grading on the algebra Aq such that 
A will be isomorphic to A [e]. 

Proof. Take the automorphism a — > pap -1 as the parity automorphism on 
Aq. Then A [e] = A. □ 

Let us say that a Z2-grading of a semisimple algebra is essential if for all 
its simple components of type M(n, m) both indices are positive: n, m > 0. 
For such an algebra, the odd and even parts of every simple module are 
nontrivial. 

Proposition 3.7. Let A be a semisimple finite- dimensional 7,2-graded alge- 
bra with an essential grading. Then the functor 

I:V — >A®Ao V 

from the category Mod( J 4o) to the category GMod(^4) is an isomorphism of 
categories. 

Proof. It suffices to prove that the restriction functor 

R : V — ► V 

from the category GMod(j4) to the category Mod(Ao) is the two-sided inverse 
to /. Indeed, R o I{Vq) = Aq ®a Vq = Vq. Conversely, let us prove the 
equality / o R(V) = V. By additivity, it suffices to prove it for a simple 
module V. But the previous equality is equivalent to A ®a Vq = V. Since 
V is a simple ^4-module, this equality implies that Vq is a simple ^-module. 
By the assumptions of the lemma, the even part of every simple ^4-module 
is nontrivial. But the even part of the module A®a Vq equals Vo- Thus this 
module is irreducible and coincides with V . The proposition is proved. □ 

It follows from the proposition that the theory of graded modules of every 
semisimple Z^-graded algebra A reduces to the theory of ordinary represen- 
tations of its even part Aq. However, this reduction does not always help to 
describe all representations of the algebra A, and, conversely, can be used 
in the opposite direction. This is the case for projective representations of 
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the symmetric groups, where the even part has no simple realization, see 
Section 6 below. 

4. Inductive families (chains) of Z 2 -graded algebras 

Definition 4.1. A ^-graded graph is a graph that has an involutive auto- 
morphism. 

The main examples of ^-graded graphs appear in the following situation. 
Consider a (finite) chain of Z2-graded algebras 

2) =< C = A(l) C A(2) C • • • C A(n) >, n = 1, 2, . . . . 

Denote by GA^ the set of isomorphism classes of irreducible objects of the 
category GMod. 

Definition 4.2. The branching graph of simple modules of the chain 2) is the 
directed graded graph F(2J) whose set of vertices is the disconnected union 

n 

U GA(i) A 

i=l 

and the number of edges connecting a vertex U £ GA A with a vertex V £ 
GA£ +1 and directed from UtoVis equal to the dimension of the vector space 
GHom^ (U, V ) of Ai-homomorphisms between U and V . 

The corresponding branching graph of nongraded modules will be denoted 
by y(|2J|). The branching graph of the even subalgebras will be denoted by 

On the category of Z2-graded modules we have the involutive functor 
V — * P(V) of changing the parity. Hence every graph of the form 5^(2)) 
has an automorphism co such that J 2 = 1. Thus to determines the structure 
of a Z2-graded graph on Y(%)). Besides, the zero level of every such graph 
contains two vertices, which are swapped by u. It turns out that these 
properties are characteristic. 

A characterization of the graded branching graphs of ordinary modules is 
as follows (see |VK| ). 

Theorem 4.3. Let Y = \J™ =0 Yi be a finite graded graph with positive integer 
multiplicities of edges. Then it is the branching graph of a chain of nongraded 
modules if and only if the following conditions hold: 

1) For every vertex yofY that does not belong to Y n there exists a vertex 
that immediately follows y. 

2) For every vertex yofY that does not belong to Yq there exists a vertex 
that immediately precedes y. 

3) The set Yq consists of a single element. 

In the case of a chain of graded algebras, we have the following theorem. 

2 One should not confuse the term "graded" in the context related to the branching 
graph with the Z 2 -grading of algebras, modules, etc. 
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Theorem 4.4. Let Y = Uf =Q Yi be a finite graded graph with positive integer 
multiplicities of edges. Then it is the branching graph of a chain of graded 
modules if and only if the following conditions hold. 

1) For every vertex yofY that does not belong to Y n there exists a vertex 
that immediately follows y. 

2) For every vertex yofY that does not belong to Y there exists a vertex 
that immediately precedes y. 

3) There exists an involutive automorphism u of the graph Y that preserves 
the grading. 

4) The set Yq consists of two elements, and the automorphism u swaps 
these elements. 

The construction of an algebra from the corresponding graph follows the 
same scheme as in |VK| . Namely, consider the set B(Y) of loops of the 
graph Y, i.e., the set of pairs of paths (t, s) that begin at the same vertex of 
level and end at the same vertex of level n. Consider the vector space A 
of functions / on B(Y) that are invariant under u, i.e., satisfy f(u;s,ujt) = 
f(s, t), and define the parity operator in this space by the following formula: 
6(f)(t, s) = f(t, s) if the paths s, t begin at the same vertex, and 6(f)(t, s) = 
—f(t, s) if the paths s, t begin at different vertices. The multiplication is 
defined as in [VK]: 



where (s, t) S B(Y) and the sum is taken over all paths r such that (s, r), (r, t) £ 
B(Y). We can also describe the decomposition of the algebra A into simple 
components in terms of the graph Y. Denote by Y n the set of orbits with 
respect to the action of w in 7 n . Since u is an involutive automorphism, 
orbits can be of two types: those consisting of a single vertex (type Q), and 
those consisting of two vertices (type M). Let t G Y, and let n t ,mt be the 
numbers of paths going from the two vertices of Yq to one of the vertices 
belonging to t. Note that in the case of a vertex of type Q, we have n t = m t . 



where A t = M(nt,mt) if the vertex is of type M, and A t = Q(nt) if the 
vertex is of type Q. 

Definition 4.5. Let us say that two chains 2), 2)' of ^-graded algebras are 
equivalent if for i = 1, ... ,n there exist isomorphisms /, : A(i) — > A(i)' such 
that the diagrams 



(f*g)(s,t)=J2f(s,r)g(r,t) 



r 



Then 



A(i + 1) 

T 



fi+l 



A'[i + 1) 

T 

A'{i) 



A(i) - 

1, ... ,71 - 1. 




are commutative for i 
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Proposition 4.6. Equivalence classes of chains are in a bisection with the 
branching graphs of graded simple modules (regarded up to isomorphism). 

Proof. It suffices to consider the case of a chain of length 2. First note that 
it suffices to restrict ourselves to chains of the form B C A, B C A 1 and 
prove that the diagram 

A' 

T (i) 

B 

is commutative if and only if the corresponding simple A, A'-modules V, V 
are isomorphic as -B-modules. Replacing the algebra B by the projection to 
the corresponding simple component, we may assume that A, A' are simple 
algebras. Besides, we may replace the algebra A' by A. Thus it suffices 
to prove the following assertion. Let A be a simple Z2-graded algebra, V 
be a standard A-module, B be a Z2-graded subalgebra of A, and cp be an 
automorphism of A. Then cp acts on B identically if and only if it is of the 
form cp{a)v = faf _1 v, where / is an isomorphism either of the B-module V, 
or of the -B-modules V and P(V). Let us prove this assertion. Assume that 
ip is of this form. Then for b G B we obtain cp{b)v = fbf~ 1 v = bv. Hence 
ip(b) = b. Conversely, assume that cp(b) = b for every b £ B. The parity 
automorphism of the algebra A is of the form a — ► JaJ , where J is the 
parity automorphism of the module V . Since cp preserves the parity, cp(J) = 
± J. Further, there exists a linear map / : V — ► V such that cp(a)v = faf~ 1 v. 
Since cp(J) = ± J, it follows that / is a graded homomorphism either V — ► V 
or V — > P{V). The conditions cp(b) = b, cp{a)v = faf~ l v imply that / is a 
homomorphism of -B-modules. The proposition is proved. □ 

A branching graph is called simple if it has no multiple edges. In order to 
formulate a simplicity criterion, we use the notion of centralizer from Sec- 
tion 2. The following lemma gives a simplicity criterion for graded modules. 

Lemma 4.7. Let B C A be a short chain of graded algebras. The branch- 
ing of the corresponding graded modules is simple if and only if the algebra 
Z(A, B) is commutative, and in this case it is generated by the graded centers 
Z(A),Z(B). (Cf. the simplicity criterion in |OV[ fVO] ). 

Proof. It is not difficult to check that Z(A[e], B[e)) = Z (\A\, \B\)+eZ$(\A\, \B\). 

Hence the algebra Z(A, B) is the image of the algebra Z(A[e], B[e]) under 
the homomorphism that sends e to 1. It easily follows that Z{A,B) is 
commutative if and only if so is Z(A[e], B[e]). In this case, it is well known 
that Z(A,B) is generated by the subalgebras Z(-A[e]), Z(B[e\). □ 

Like in the nongraded case, two types of problems arise for the graphs un- 
der consideration. The analysis problem: given a graded algebra, construct 
the graph of simple modules. And the synthesis problem: given a graph with 
involution, describe the algebra for which it is the graph of simple modules. 
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T 

B ^ 



Let G be a Z 2 -graded group; then Go, being a subgroup of index 2, is a 
normal subgroup of G, so that G is a ^-extension of Go- Recall (see [FH]) 
the relation between irreducible representations of these groups. The group 
Z 2 acts on the simple modules of the group Go and divides them into two 
classes: those that are fixed under the action of Z 2 and those that are not. 
The direct sum of a module of the second class and its Z 2 -image is an irre- 
ducible Z 2 -graded G-module. Note that for Z 2 -graded algebras, the situation 
is similar but more complicated. The existence of such relations implies the 
existence of relations between the corresponding branching graphs Y(2)), 
Y(\S9\), and Y(2) ). 

In contrast to the tradition, we will denote the alternating group by 
rather than A n . 

Proposition 13.71 implies the following lemma. 

Lemma 4.8. Assume that the odd part of every algebra of a chain 2) ofZ 2 - 
graded algebras is nontrivial. Then the branching graph Y(2)) of this chain 
coincides with the branching graph Y(|2)o|)- 

Example 4.9. Consider the involutive automorphism 9 of the group algebra 
C[S n ] of the symmetric group defined by the formula 6(a) = sgn(cr)o", where 
sgn(cr) is the sign of a permutation a, and the corresponding structure of a 
graded algebra on C[5 n ]. Let Y(§) be the graded branching graph of the 
chain 

S =< C = C[5i] c C[S 2 ] c • • • c C[S n ] > 

of the group algebras of the symmetric groups with this Z 2 -grading, and let 
y(|S + |) be the nongraded branching graph of the chain 

S+ =< C = C[Sf] c C[5 2 +] c • • • c C[5+] > 

of the group algebras of the alternating groups. Then it follows from Lemma l4~8l 
that the graph Y(§) coincides with the graph Y(|§ + |) at all levels except the 
first one. 

Note that an irreducible graded representation of the symmetric group 
coincides with the ordinary representation corresponding to a diagram A 
if A = A', and is equal to the direct sum of the ordinary representations 
corresponding to the diagrams A, A' if A ^ A'. 

Consider the involutive automorphism of the group algebra C[5^"] of 
the alternating group given by the formula 6(f) = si 2 /si 2 , where si 2 is 
the transposition of the symbols 1,2, and the corresponding structure of a 
superalgebra on C[S^j"]; then Lemma l3~6l implies the following theorem. 

Theorem 4.10. 1) An ordinary irreducible representation of the group Sn 
remains irreducible regarded as a graded representation of the group A n . It is 
of type Q if the corresponding Young diagram A is self-conjugate, i.e., A = A'; 
it is of type M if the corresponding Young diagram A is not self-conjugate, 
i.e., A / A'. 
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2) Let Y(E> + ) be the graded branching graph of the chain 

S+ =< C = C[St] c C[5 2 +] c • • • c C[S+] > 

of the group algebras of the alternating groups with the ^-grading introduced 
above, and let Y{\8\) be the nongraded branching graph of the chain 

S =< C = C[5i] c C[S 2 ] c • • • c C[S n ] > 

of the group algebras of the symmetric groups (i.e., the Young graph). Then 
Y(S + ) coincides with Y(\S\) at all levels except the first one. 

5. Gelfand-Tsetlin algebras 

Consider a chain of Z2-graded algebras 

2) =< C = A(l) C A(2) c • • • C A(n) > . 

Definition 5.1. Assume that the branching graph of the chain 2) is simple. 
The Gelfand-Tsetlin algebra GZ(%)) is the algebra generated by the graded 
centers Z{Ai), i = 1, . . . , n. 

Theorem 5.2. Consider a chain of "Li-graded algebras 

2J =< C = A(l) C A{2) C • • • C A{n) > 

with simple branching. Then the Gelfand-Tsetlin algebra GZ(%)) coincides 
with the ordinary Gelfand-Tsetlin algebra GZ(2Jo) of the chain of even subal- 
gebras. It is a maximal commutative subalgebra among the even commutative 
subalgebras in A(n). Every irreducible graded representation of the algebra 
A(n) has a homogeneous basis that consists of eigenvectors of this subalgebra. 

Proof. Consider the chain of algebras 

C C C[e] = A(l)[e] C A(2)[e] C • • • C A{n)[e\. 

Since the branching is simple, the algebra generated by Z(A(i+l)[£r], ^4(i)[e]), 
i = 1, . . . , n — 1, is a maximal commutative subalgebra in -A(n)[e]. Further, 
consider the homomorphism A(n)o[e] — > A(n)o that sends e to the iden- 
tity. The image of every maximal commutative subalgebra in -A(n)o[e] is a 
maximal commutative subalgebra in A(ji)q. □ 

Thus, to a certain extent, the representation theory of a chain of Z2-graded 
algebras reduces to studying representations of the chain of the even parts of 
these algebras. However, it is not always possible to describe the even part 
of a graded algebra in a transparent way, so that it is useful to introduce 
another version of the notion of Gelfand-Tsetlin algebra, which is related 
to the notion of supercentralizer (see Section 2) used in the theory of Lie 
superalgebras. 

Definition 5.3. Consider a chain of ^-graded algebras 
2J =< C = A(l) C A(2) C • • • C A(n) > . 
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1) The algebra 

SGZ{%)) =< SZ(A(2), A(l)), SZ(A{n),A(n - 1)) > 

generated by the successive supercentralizers is called the Gelfand-Tsetlin 
superalgebra. 

2) Denote by SZ(%)) the commutative algebra generated by the supercenters 
SZ(A(l)),...,SZ(A(n)). 

As will be shown below, the algebra SZ(%)) is the supercenter of the 
algebra SGZ(fQ). 

In the nongraded case, for chains with simple branching the algebra gen- 
erated by the successive centralizers coincides with the algebra generated by 
the centers: SZ(%)) = SGZ(%)). If the spectrum is not simple, SGZ(%)) is 
the so-called "big Gelfand-Tsetlin algebra." In the graded case, we have the 
following (in general, strict) inclusions 

SZ($) C GZ(%) c SGZ®)), 

the first two algebras being commutative. The role of the Gelfand-Tsetlin 
superalgebra is that the decompositions of irreducible A(n)-modules into 
irreducible SGZ(%)) -modules are disjoint. In the case of trivial grading and 
simple spectrum, the algebra SGZ(%)) coincides with SZ(%)). The main 
result of this section is the following theorem. 

Theorem 5.4. Consider a chain of '^-graded algebras 

2) =< C = A{\) c A{2) c • • • C A{n) > . 

Then 

1) The restriction of an irreducible A(n) -module to the Gelfand-Tsetlin 
superalgebra has a simple spectrum. 

2) The decompositions of different irreducible A{n)-modules into irreducible 
SGZ(%)) -modules have no common components. The irreducibility type of a 
nonzero SGZ(%)) -module coincides with the irreducibility type of the A(n)- 
module that contains it. 

Proof. The proof is based on a series of lemmas. 

Lemma 5.5. Let V be a finite- dimensional graded vector space, A C End(V) 
be a semisimple graded subalgebra o/End(V), and A' be its supercentralizer. 
Then (A')' = A. 

The proof of the lemma is contained in |NSj . It is similar to von Neumann's 
theorem on the bicommutant of subalgebras in simple algebras, and can be 
proved analogously. 

Lemma 5.6. Let A be a 1,2-graded algebra and B be a ^-graded subalge- 
bra of A. Then the equality SZ(A,B) = SZ(B) holds if and only if ev- 
ery irreducible A-module decomposes into a multiplicity-free sum of simple 
B-modules and different irreducible A-modules have no common irreducible 
B-components. Moreover, every irreducible B-component has the same irre- 
ducibility type as the irreducible A-module that contains it. 
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Proof. Assume that every irreducible ^4-module decomposes into a multiplicity- 
free sum of simple -B-modules and different irreducible ^4-modules have no 
common irreducible -B-components. Let Vi,...,V q be the complete set of 
pairwise nonisomorphic irreducible A-modules, Ui,...,U p be all different 
-B-modules, and bi,...,b p be the corresponding central idempotents. Let 
a 6 SZ(A, B). By the assumptions of the lemma, a is an even element. 
Since every irreducible A-module decomposes into a multiplicity-free sum of 
simple -B-modules, the element a preserves each module Uj and acts in it 
as a scalar Cj. Since different irreducible ^4-modules have no common irre- 
ducible -B-components, the difference a — c\b\ — ■ ■ ■ — c p b p vanishes in every 
irreducible ^4-module. This proves that SZ(A,B) = SZ(B). 

Conversely, assume that SZ(A,B) = SZ(B). Therefore SZ(A) C SZ(B). 
Let ei, e 2 be two different central idempotents in A corresponding to simple 
A-modules Vi,V2] then 

ei = c\b\ h c p b p , e 2 = d\bi H h d p b p . 

The condition eie 2 = implies that cidi = for i = 1, . . . ,p. It follows that 
the modules Vi,V2 have no common irreducible -B-components. Moreover, 
the equalities e\ = ei, e\ = e 2 imply that q, di = 0, 1. This proves that every 
irreducible ^4-module decomposes into a multiplicity-free sum of simple B- 
modules. The claim concerning the irreducibility type follows from the fact 
that SZ(A, B) contains only even elements. □ 

Lemma 5.7. Let f : A — > B be a homomorphism of semisimple superalge- 
bras and C be a simple subsuperalgebra in A. Then 

f(SZ(A,C)) = SZ(f(A),f(C)). 

Proof. Clearly, f(SZ(A,C)) C SZ(f(A),f(C)). Let us prove the converse 

inclusion. Let b = /(a) G SZ(f(A),f(C)). Since A is a semisimple su- 

peralgebra, ker/ = eA, where e is a central idempotent. We have ac — 
(_l)p(a) P (c) ca G eA for every c e q Hence a (i _ e y = (_iyta)p(b) c ( 

1 — e)a, 

also for every c S C. Therefore a(l — e) G SZ(A,C). Hence /(a) = 
/(a(l-e)). □ 

Lemma 5.8. Let A be a semisimple graded algebra, B be a semisimple graded 
subalgebra of A, and C be a graded subalgebra in A generated by SZ(A, B) 
and B. Given an irreducible A-module V and an irreducible B -module U , 
denote by LjjiV) the sum of all B-submodules in V isomorphic to U or P(U). 
Then Ljj(V) is an irreducible C -module, and every irreducible C -module is 
of this form. Besides, two nonzero modules of this form are isomorphic if 
and only ifU = U',V = V. 

Proof. By Lemma l5?7l we can replace the algebras A and B by their images 
in End(y). Clearly, Iu(Y) is a C-module. Besides, the algebras SZ(A,B) 
and B are semisimple. Hence their tensor product is also a semisimple 
algebra, and C, being the homomorphic image of this tensor product, is also 
semisimple. Further, we have a canonical decomposition V = W Iu(V), 
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where W is the sum of all -B-submodules in V that are not isomorphic to U 
or P(U). Thus we have a canonical homomorphism End(V) — > End(/[/(V)). 
Hence, in order to prove the irreducibility of Iu(V), it suffices to compute the 
supercentralizer of C in Ijj{V). Further, V is an irreducible A-module, hence 
there are two possibilities: End(F) = A and End(V) = A[ir], where ir is an 
odd element from End(V) that supercommutes with A. In the first case, by 
Lemma 15.51 the supercentralizer of C in End(V^) coincides with the center 
of B. Hence, by Lemma IB~Jl the centralizer of C in Iu(V) coincides with C. 
In the second case, the same arguments show that the supercentralizer of C 
in Iu(Y) coincides with C[tt]. 

Conversely, let us prove that every irreducible module is of this form. Let 
W be an irreducible C-module and U be an irreducible -B-submodule of W. 
Consider the induced module A ®c W and the irreducible component V of 
this module that contains W. Then, by the above, the module Iu(V) is 
irreducible and hence coincides with W. 

It remains to prove only that the condition Iu(V) = Ijj'(V') implies 
(U,V) = (U',V). This assertion is equivalent to the fact that different irre- 
ducible ^4-modules have no common irreducible C-components. By Lemma [5.6l 
this is equivalent to the condition SZ(A,C) = SZ(C). But it is easy to see 
from the definition that SZ(A,C) = SZ(B'), where B' = SZ{A,B). Hence 
it suffices to show that SZ(B') = SZ(C). But the algebra C is semisimple, 
and it is a homomorphic image of the algebra B' (&B } which is also semisim- 
ple with supercenter equal to SZ(B)' (g> SZ{B). Hence the supercenter of C 
is equal to the product of the supercenters of B' and B. But it is easy to see 
that SZ(B) C SZ(B'), whence SZ(C) = SZ(B'). □ 

Corollary 5.9. Consider a chain ofZ,2-graded semisimple finite-dimensional 
algebras 

2) =< A(l) c-cA(n-l)c A(n) > 
(we do not assume that A(l) = C). Also let V\, . . . , V n -i, V n be irreducible 
modules over the algebras A(l), . . . , A(n— 1), A(n), respectively, and SGZ(%)) 
be the algebra generated by the supercentralizer s SZ(A(i + l),A(i)) ; i = 
1, ... ,n — 1, and the algebra A(l). Then the algebra SGZ(%)) is semisimple. 

Denote by I(Vi, V2, ■ ■ ■ , V n ) the subspace Ivi(. • • {Iv n -i(Vn) •••))• Then the 
nonzero subspaces 

I(V 1 ,V 2 ,...,V n ) 

are irreducible SGZ(%)) -modules, and every irreducible SGZ(%)) -module is 
of this form. Moreover, if 

i{v u ..., v n -i,v n ) = i(v(, vl. lt v£), 

thenV 1 =V(,...,V n = Vl 

Proof. Induction on n. If n = 2, then this is the assertion of the previous 
lemma. Let n > 2. Denote by C the subalgebra in A(n) generated by 
SZ(A(i + 1), A(i)), i = 2, . . . , n— 1, and by B the algebra generated by A{2) 
and C . Consider the chain A(l) C B. By the induction hypothesis, the 
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algebra C is semisimple, hence the tensor product A{2)®C is also semisimple. 
Further, it is easy to check that the supercentralizer of the algebra A(l) in 
the algebra A(2) ® C equals SZ(A(2), A(l)) ® C. Since the algebra B is a 
homomorphic image of the algebra A{2)®C, it follows from Lemma [5. 71 that 
SZ(B,A(1)) equals SGZ(%)). Now we can use Lemma f5T8l □ 

Now let us prove the theorem. To this end, we first prove that the su- 
percenter of the algebra SGZ(%)) is generated by the supercenters of the 
algebras A(l), . . . , A(n). Let W be an irreducible 5GZ(2J)-module and zw 
be the element of the supercenter that acts as 1 in the modules W, P(W) 
and acts as in all the other irreducible modules. By the previous lemma, 
W = Jvi(--- {IVn-i^Yn) ■■■ ))■ Let zy^ i = 1, . .. ,n, be the elements similar 
to zw- Then the difference Zw — zy x . . .zy n acts as in every irreducible 
S*GZ(2))-module and hence vanishes. This proves that the supercenter of 
SGZ(%)) is generated by the supercenters of A(l), . . . , A(n). Since irre- 
ducible representations of 5GZ(2)), regarded up to the functor P, are in a 
bijection with homomorphisms of the supercenter of SGZ(%)), the theorem 
follows. □ 

In the case of a simple branching, a description of subspaces of irreducible 
modules over the Gelfand-Tsetlin superalgebra can be given in terms of the 
corresponding branching graph. 

Definition 5.10. Assume that the branching graph of a chain 21 is simple. 
In this case, for every path 

T = Ai / ■ ■ ■ / Xi / A m /\ n 

in the branching graph there is a vector vt, unique up to a nonzero con- 
stant, in the corresponding irreducible representation. This vector is called 
the Gelfand-Tsetlin vector. The set of Gelfand-Tsetlin vectors forms a basis, 
which is called the Gelfand-Tsetlin basis. 

Definition 5.11. Two vectors v,w of the Gelfand-Tsetlin basis are called 
equivalent if for the corresponding paths 

v C A(l)v C A(2)v C • • • C A(n)v, w C A(l)w C A{2)w C • • • C A(n)w 

in the branching graph, the following equations hold: A(n)w = A(n)v , and 
for every 1 < i < n— 1, either A(i)w = A(i)v or P(A(i)w) = A(i)v. 

Lemma 5.12. Equivalent vectors of the Gelfand-Tsetlin basis determine 
the same homomorphism x '■ SZ{%) ->Co/ the supercenter of the algebra 
SGZ(%i). The linear span of these equivalent vectors coincides with V x . 

Proof. Let v,w be equivalent Gelfand-Tsetlin vectors and z £ Z{A{i)) for 
1 < i < n. Since the irreducible modules A(i)v and A(i)w differ only by 
the parity, z acts on v and w by the same scalar. Therefore the vectors v, w 
determine the same homomorphism x '■ SZ(JQ) — > C. Now let us prove the 
converse. It is enough to prove the following claim: if a acts as 1 on every 
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vector of the Gelfand-Tsetlin basis that is equivalent to v and acts as on 
every nonequivalent vector, then a G SZ(%)). Let 

v C A(l)v C A(2)v C ■■■ C A{n)v 

be the path corresponding to the vector v. Since the branching is simple, we 
can find Zi, . . . , Z{, . . . , z n such that z% acts as 1 in A(i)v, P{A{i)v) and acts 
as in every irreducible module nonisomorphic to A(i)v, P(A(i)v). Then 
the product Z\ . . . z n acts in the same way as a in every irreducible A{n) 
module. Therefore a = z\ . . . z n . □ 

Corollary 5.13. // the branching of a chain of graded algebras is simple, 
then the corresponding Gelfand-Tsetlin algebra is the direct sum, of Clifford 
algebras. 

6. Projective representations of the symmetric groups 

I. Schur [Sch] proved that the symmetric group S n has only one nontrivial 
central extension and suggested a method for finding projective represen- 
tations of S n . This central extension, which we will denote by S n , is a 
^-graded group in the sense defined above. However, the corresponding 
grading of the group algebra of S n is more complicated than in the case of 
C[S n ] considered above. Proper projective representations of the symmetric 
group coincide with representations of some Z^-graded algebra 2l n , which is 
described below and which is the "half" of the group algebra of 5 n , more 
exactly, the quotient of C[S n ] modulo the "half" ideal. The second ideal, 
complementary to the first one, is the image of the group algebra C[SVJ 
under the (non-identity-preserving) embedding, and the quotient of C[S n ] 
modulo this ideal coincides with CfSn]. Here both quotient algebras, C[S n ] 
and 2l n , inherit the Z2-grading of the algebra C[S n ] . It follows from the above 
considerations that representations of every ^-graded algebra with an essen- 
tial grading are in a bijective correspondence with representation of its even 
part. However, the even part of 2l n still has no convenient model. Hence, in 
order to describe its representations, we use the notions of graded represen- 
tations of the Gelfand-Tsetlin superalgebra SGZ(%)) introduced above. We 
reproduce the method of constructing the representation theory of the sym- 
metric groups suggested in |QVl IVO] . Namely, we construct analogs of the 
YJM-elements, spectra, etc., and finally obtain the known list of projective 
representations of the symmetric groups. 

We consider two algebras related to projective representations of the sym- 
metric group. The first one is the algebra 2l n described below, and the second 
one is the (graded) tensor product of the Clifford algebra C n with n genera- 
tors and the algebra 2l n . For 2l n , Young's orthogonal form was constructed 
in |Nlj : and for C n <g> 2l n , Young's orthogonal and seminormal forms were 
constructed in |N2| . We construct seminormal forms for both algebras. It 
turns out that for C n (g) 2l n Young's formulas look simpler and coincide with 
the formulas obtained by M. Nazarov in |N2j by other methods. 
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Thus graded representations of 2l n are in a one-to-one correspondence 
with nongraded proper projective representations of the alternating group, 
or, which is the same, with representations of a central extension of the 
alternating group in which the central element acts in a nontrivial way. 

Let us proceed to a more detailed description of the groups and alge- 
bras under consideration. The group S n is given by generators Ok, k — 
0, 1, . . . , n — 1, satisfying the relations 

dk 2 = 1, <7fc(7o = <5o<5fc, (<5fc<7fc+i) 3 = 1, k = 0, 1, . . . ,n - 1, 

o-jO-fc = &o&kVi, i,k = 0, 1, . . . , n - 1. 
The grading is defined as follows: the identity element is assumed to be 
even, and all the elements dk, k > 0, are assumed to be odd. Note that 
do is even. The quotient of the group S n over its center Z.2 = {do} is the 
symmetric group, so that S n is a Z 2 -extension of S n , but this extension is not 
trivial. The group algebra C[S n ] decomposes into the sum of two ideals. The 
first one is generated by the relation do — 1 = 0, and the quotient modulo this 
ideal is the group algebra of the symmetric group with the ordinary parity 
grading. The second one is generated by the relation do + 1 = and does 
not corresponds to any normal subgroup of S n ; the quotient modulo this 
ideal is, by definition, a graded algebra 2t n , which is not a group algebra. 
Representations of this algebra are exactly proper projective representations 
of the symmetric group. Note also that the normal subgroup that is the even 
part of S n is the restriction of the central extension of S n to the alternating 
group £+, i.e., a Z2-extension of the alternating group; this extension is also 
nontrivial. 

Thus the algebra 2l n is generated by elements t±, . . . ,r n that are the images 
of the generators dk, k > 0, of S n and satisfy the relations 

T 2 k = 1, (r k T k+1 f = 1, (T kn ) 2 = -1 if | k - I \> 1. (2) 

The algebra 2t n has a natural grading inherited from C p(rj) = 1, 
i = 1, . . . ,n — 1. We can rewrite the defining relations in the form 

Tfe = 1, Tk^k+lTk = Tk+lTkTk+l, T k Tl = -TlTk if \ k — I \> 1. (3) 

In fact, it is more convenient to describe the algebra 2l n in a slightly different 
way. Let us define elements Tjj for i < j by induction as follows: 

T~ii-\-\ = Tj, Tij = Tij — \TjTij — l 7 Tji = Tjj, 

where i = 1, . . . ,n — 1. It is easy to check the following relations for i,j S 
{1, . . . ,n} and i / j: 

T ij = - T ji> T ij = !> T ij T ki = -mnj if {i, j} n {k, 1} = 0, 

T~ijT~jk7~ij — 7~jk7~ijT~jk — 

where i,j,k are pairwise distinct. We will regard 2l n as a superalgebra, 
setting p(rij) = 1. Note that we can obtain a similar description of the 
algebra 21+ . To this end, recall the following result from |VVj . The group 
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is generated by elements xi = (i, % + 1, % + 2), i = 1, . . . , n — 2, satisfying 
the relations 

%i =1 , i = l,...,n-2, 
(xix i+1 ) 2 = 1, i = l,...,n-3, 
XiXj — XjXi) \i j | ^"2, j — i — 1, . . . , ti 2, 
XixY +1 x i+2 = x i+2 Xi, % = 1, . . . , n - 4. 
This easily implies the following proposition. 

Proposition 6.1. The algebra 2l„ is generated by elements yi, i = 1, . . . , n — 

2, satisfying the relations 

Vi= l , i = l,...,n-2, 
{ViVi+if = -1, i = l,...,n-3, 
I/i2/j = 2/j2/i, N - J'l > 2, i,j = i = l,...,n-2, 
yiVT+iVi+2 = ~Vi+2Vi, i = 1, . . . , n - 4. 
Now let us describe the supercenter (see Definition I2.13P of the algebra 

a*. 

Theorem 6.2. Lei a\~ n be a partition ofn such that all parts of a are odd. 
The elements with such a form a basis of the supercenter of the algebra 
On- 

Proof. Let i±, . . . ,i p be a sequence of pairwise distinct elements from {1,2,..., n}. 
Set 

T~i\i2...i P • • • T i P -ii P - 

Then it is easy to check that t^...^ = — Ti 2 j 3 ...j ^ for an even p, and 

7iii2...ip = n 2 iz...i P ii for an odd p. 

Let a = (ai, «2j • • • , a s ) be a partition of m, where m < n and «i > a 2 > 
■■■>a s >2. Set 

Cn=y] r ,-(i) ,-(i) r ,-(2) .(2)...T( S) ( 3) , 

where the sum is taken over all pairwise distinct $p from {1,2,..., n}. 
Define the following action of the symmetric group S n on 2l n : 

0~ij{j k l) = -TijTklTij, 

where transposition. We see that in order to describe the 

supercenter, we must describe invariant elements with respect to this action. 
The supercenter is the linear span of the elements C° with a an arbitrary 
partition of n. Let us show that if ay is even for some j, then C% vanishes. 
Indeed, 

C n = 22 r ,-(i) • • • t Aj) Aj) ■ ■ ■ r ,-(s) 

E T ,-(i) AV) ■ ■ ■ t Aj) Aj)Aj) ■ ■ ■ T (s) (s) = -C°. 
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Therefore C" = 0. If all parts of a are odd, then C° / 0. Note that for 
different , . . . , the corresponding elements , . . . , C^ q) have no 
common summands and hence are linearly independent. □ 

Now let us describe the supercentralizer SZ($l n , 2l n _i). To this end, we 
introduce the following analogs of the YJM-elements. 

Definition 6.3. [Se] The Young-Jucys-Murphy (YJM) element is the fol- 
lowing element of the algebra 2l n : 

TTri = Tin + T 2n H h Tn-\n- 

Note that n\ = by definition. Note also that analogs of the YJM- 
elements for the algebra C n (g> 2l n were introduced by M. Nazarov in |N2j and 
denoted by x n ; they coincide, up to an element of the Clifford algebra, with 
7r n , namely, x n = -^p n Tr n . It is known that the elements Xj, i = 1, . . . ,n, 
pairwise commute. It follows that the elements Wi, i = l,...,n, pairwise 
anti-commute. Below we will give an independent proof of this fact. 

Theorem 6.4. The supercentralizer SZ($l n , 2l n _i) is generated by the su- 
percenter SZ(%l n _i) and the element ir n . The Gelfand-Tsetlin superalgebra 
coincides with the algebra C[7Ti, tt2, . . . , 7r n ], and the algebra SZ(%)) generated 
by the supercenters coincides with Clnf,^, . . . ,7^]. 

Proof. As in the previous theorem, we must average elements of 2l n with 
respect to the action of S n —i. Set 

C n P = y^Uu-ipnT-m ,(i) • • • T O) (j) . . . T W (s) , 

where the sum is taken over all pairwise distinct i\,i r from {1,2, ... ,n — 1}. 
It is not difficult to check that SZ(% n , 2t n _i) is the linear span of Cn' p with 
cti + ■ ■ ■ + a s + p < n. As in the proof of the previous theorem, we see 
that all parts of a are odd and p is arbitrary. Let us use the induction on 
ct\ + • • • + a s +p. If p = 0, then C"' 6 5Z(2l n _i). Hence we may assume 
that p > 0. Consider the product 

TTnC"'^ 1 = V TinU^.i in T ,(1) .(1) • • • T ( S) ( s ) 

* -* fc i ■■■ t aj £ 1 ■■■ fc Q: s 

= Cn' P + /. TinT^.^i in T W (i) . . . T .(,) ( s ) 

* — ^1 1 

S 

+ yJ nnJi 1 ...i p - 1 n T A^) Aft ■ • • r ? -( s) £ W • 

* ■* * fc i ■•• 6 ai •••'■as 

3=1 i—Ai) Af) 
It is easy to check that 

7~i q nT~i 1 ...ip—in — ( 1) 7"ii...i g _i?i?"ig...ij,_iri 



and 



r.w n ^ 1 ...v- 1 nT.p-)... i 0) - T ll ... ip _ 1 ^)... i W)^) n - 
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Hence all the summands except C"' p are linear combinations of the elements 
Cn 9 with \{3\ + q = \a\ + p — 1 < \a\ + p. This immediately implies the 
equality SGZ(%)) = C[7Ti,7T2, • • • ,vr n ]. Hence it suffices to show that SZ(%1) 
coincides with C[7rf, 7r|, . . . , 7r 2 ]. We have 

= i - 1 - ^2 TkH= ^2 njk - ^2 Ti i kl 

k,l<i,k^l l<i,j,k<i—l l<i,j,k<i 

where the indices k in the last sums are pairwise distinct. Therefore 
7r? S SZ(%)). On the other hand, we have already proved that SZ{A{) C 
C[SZ(A-i),^}. ' " □ 

In a similar way we can prove the following theorem. 

Theorem 6.5. The supercentralizer SZ($l n , 2l n _2) is generated by the su- 
percenter SZ(QLn—2) and the elements ir n , 7r n _i, r n _i. 

Remark. According to Theorem 15.41 and the previous corollary, every irre- 
ducible 2l n -module is the direct sum of pairwise nonisomorphic irreducible 
5GZ(2))-modules, each being of the form V(a±, . . . , a n ), where ai,...,a n 
are eigenvalues of the elements irf, 7r|, . . . , 7r 2 , 

Corollary 6.6. Consider the chain of ^-graded algebras 

C C Ci ® 2li C C 2 <8> 2l 2 C • • • C C„ <g> On. 

T/ien £/ie algebra generated by the supercentralizer s of this chain coincides 
with the algebra C n ® C[7Ti,7T2, . . . , 7i"nL algebra SZ(%)) generated by 

the supercenters coincides with C[irf, n%, . . . , 7r 2 ]. 

The following lemma describes some relations in the algebra SZ{% n , 2t n _ 2 ). 
Consider the following elements of the algebra 2t n : 

Fi = Ti(7rf - 7T 2 +1 ) + (7T i+ l - 7Ti), i = 1, 2, . . . , n - 1. 

Lemma 6.7. For i = 1, 2, . . . , n — 1, i/ie following relations hold: 

TiTTi + 7T i+ iTj = 1, (7Tj - VTj+i)^ = Tj(7Tj - 7Tj + l), 

(TTj - ^"i+l)n + Tt(7Ti - TTj+l) = 2(7Tj - TTt+l), 
i^TTi + ^i+lFi = 0, FilT i+1 + TTiFi = 0, if = 7T 2 + 7T 2 +1 - (vT 2 - ^ 2 +1 ) 2 . 

Proof. We have 



Tj7Tj + VTj-i-lTj = Tjj+1 ^Tji + T ii+ i + ^ Tjj-fl Tjj + 1 

and the first relation is proved. The remaining relations easily follow from 
the first one. □ 
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The following lemma is needed for obtaining analogs of Young's formulas; 
it is a simple exercise in representation theory. Consider the algebra H 
generated by a semisimple commutative algebra A and elements T,p,q that 
commute with A and satisfy the relations t 2 = 1, pq + qp = 0, rp + qr = 1. 
It is easy to check that the element A = p 2 + q 2 — (p 2 — q 2 ) 2 belongs to the 
center of H. 

Lemma 6.8. Let V be an irreducible module over H that is semisimple as 
an A\p,q]-module. Then 

1) If A = in V, then V is irreducible as an A\p, q]-module andp 2 ,q 2 act 
in V by multiplications by a, b, where a ^ b, a + b = (a — b) 2 , and r acts as 
the operator ^Ef . 

2) J/ A / in V , then V is the direct sum of two irreducible A\p,q\- 
modules, in one of which (say, U) the elements p 2 , q 2 act by multiplications 
by a, b, where a / b, a + b / (a — b) 2 , and 

V = H ® AM U. 

Corollary 6.9. Let V be an irreducible module overCk®$i n and V(a\, . . . , a n ) 
be the subspace of common eigenvectors for ir 2 , ir 2 , . . . , n 2 with eigenvalues 
ai, . . . ,a n . Then 

1) ai / Oj+i for i = 1, . . . ,n— 1. 

2) If ai + Oj-j-i = (dj — aj+i) 2 , then t% acts in the subspace V(a%, . . . , a n ) 
as the operator Z l ■ 

3) If ai + a i+ i ^ (ai - a i+ i) 2 , then 

V(ai, . . . ,a i+ i,ai, ... ,a n ) ^0. 

Proof. Consider V as a module over the subalgebra SZ(^ + i, 2lj-i), which is 
semisimple by Lemma IB31 Consider the corresponding action of the algebra 
H(p,q,r), which is also semisimple. Decompose the module V into isotypic 
components with respect to H(p,q,T); then the subspace V(a±, . . . ,a n ) is 
contained in the isotypic component in which the element A = p 2 + q 2 — 
(p 2 — q 2 ) 2 acts as 0. Therefore, by Lemma 16.81 cij ^ Oj+i and T{ acts in 
V(ai, . . . , a n ) as the operator . This proves 2). Let us prove 3). 

Similarly to the above, we consider the isotypic component with a fixed 
value By Lemma EH V(ai, . . . , aj+i, dj, . . . , a ri ) ^ 0. □ 

Denote by SSpec(n) the set of all possible sequences of eigenvalues of the 
elements 7r 2 , 7r|, . . . , 7T 2 , and by Spec(n) the set of all possible sequences of 
eigenvalues of the ordinary YJM-elements. Also denote by Spec + (n) the sub- 
set in Spec(n) consisting of (c\, eg, . . . , c n ) such that Cj > for i = 1, . . . , n. 

Theorem 6.10. Lei (di, 02, . . . , a n ) G SSpec(n). Then 

(i) ai > for every i = l,...,n, and there exists a unique nonnegative 
integer bi such that ai = \bi(bi + \) ; 

(ii) the map 

(ai,a 2 , - ■ ■ ,a n ) — ► (61, b 2 , . . . , b n ) 
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is a bijection of SSpec(n) onto Spec + (n). 

Proof. Let us prove the first assertion by induction on i. The uniqueness 
is obvious. Let us prove the existence. If i = 1, then 7ri = and a\ = 0, 
whence b\ = 0. If i = 2, then 02 = 7r| = 1 and 62 = 1- Assume that i > 1 
and dj = \bi{bi + 1) where 6, is a nonnegative integer. Then two cases are 
possible: 

(a) di + a i+ i = (aj - a i+1 ) 2 ; 

(b) Oj + Oj+i / (ai - a i+ i) 2 . 

In case (a) we have the following equation on <Xj+i: 

a 2 +1 - (2a, + l)a i+ i + a 2 - a.-, = 0. 

By the induction hypothesis, this equation has two roots, dj + i = ^(6, + 
l)(6j + 2) and at + i = — 1)6,, and 6j > 0. Therefore a.j + i > 0. In case 
(b), (ai, . . . , etj + x> a ii ■ ■ ■ 1 a n) G SSpec(n), and the assertion follows from the 
induction hypothesis. 

Now let us prove the second claim of the theorem. Recall the following 
characterization of the set Spec(re). According to |QVj . (ci, C2, . . . , c n ) S 
Spec(n) if and only if the following conditions hold: 

1) Ci G Z, ci = 0; 

2) c, / Cj+i ; 

3) for every i = 1, . . . ,n — 2, we have (c,, Q+2) 7^ (d, <i + 1, d) for any 

4) if Cj+i / c, ± 1, then (ci, .. . ,Cj + i,Cj . . . ,c n ) € Spec(n). 

Let us prove that 6j, for i = 1, . . . , n, satisfy the same conditions. 
Assertions 1), 2), and 4) have already been proved. Let us prove assertion 
3). Assume that there exists i such that (&i, fci+i, fei+2) = (b,b + 1,6). Then 

- aj+i) 2 = (-1 - b) 2 = ai + a i+ i, (a, + i - a») 2 = (1 + 6) 2 = a»+i + ai +2 . 

Hence, according to Corollary 16.91 

n = , n + i = . 

«i — Oj+i — ai + 2 

But it is not difficult to check that these relations contradict the relation 

nn+iTi = T i+ iTiT i+ i, 

and assertion 4) is proved. Hence the map from assertion (ii) of the theorem 
is an injection. The remaining part of the proof follows the same scheme 
as for the symmetric group. First we prove that there exists a sequence 
of admissibl^l transpositions that sends a given strict standard tableau to 
the standard tableau of the same shape obtained by placing the integers 
1,2, ...,n successively into the cells of the first row, then the cells of the 
second row, etc. This implies that if the weight of a standard tableau has 
the same shape as a weight of some irreducible module, then it is itself a 

3 A transposition of indices is called admissible if it does not cause a violation of con- 
ditions l)-4), see [OV) . 
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weight of this module. Computing the number of irreducible representations 
and the number of strict partitions completes the proof. □ 



Let us proceed to the description of analogs of Young's formulas. In 
contrast to the ordinary Young's formulas, we do not use the Gelfand-Tsetlin 
basis, but write the corresponding formulas in terms of the Gelfand-Tsetlin 
superalgebra. Note that here we obtain a complete description of the action 
of the algebra (g) 2t n in irreducible modules. 

Fix a strict partition a and choose a subspace Vj? in the irreducible module 
ya correS p 0nc ii n g to the standard tableau obtained by filling the diagram 
row-wise. Let T be an arbitrary tableau of shape a. Then there exists a 
unique s G S n such that T = sTq. Denote by Pt the map — > Vjf that is 
the composition of s and the projection of V a to parallel to (Bt'^tVt'- 

Theorem 6.11 (Young's seminormal form for the algebra Ck <8> 2l n )- Let 
a be a strict partition and T be an arbitrary tableau of shape a. Then the 
commutation between T{ G 2t n and Pt is given by the following formulas: 

(i) If ai + a i+ x = (en - a i+ i) 2 , then 

TTi- 7T i+ i 
TiP T = P T . 

a-i — (H+1 

(ii) If ai + dj+i / (a{ — a^+i) 2 and l(siT) > l(T), then 

TTi- 7T i+ l 1 

nPr = Pt + -j= (Pi - Pi+i) P Si t- 

ai - a i+ i V2 

(in) If ai + aj+i 7^ (oj — aj + i) 2 and l(siT) < l(T), then 

TTi- ir i+ i 1 / ai + Oj+i \ 
nPT = Pt + ^={pi- Pi+i) 1 - - — ■ T2 P Si t- 

Proof. First let us write an explicit formula for the map Pt- Let T = sTq, 
and let s = . . . s^ be the reduced decomposition of a permutation s, all 
transpositions in this decomposition being admissible. Then 

P sTo =Ps n Ps l2 ...Ps H , (4) 

where 

p _ Pi - gt+l / _ ~H - 7T»+1 

*" V2 \ n tt? - vr? +1 
It suffices to consider the case I = 1 and check that if v G and Sj is an 
admissible transposition, then SiV — v' = P Si v G V^ T , where v' G . But it 
is easy to check that TrjP Si = P Si irj +1 , TrfP Si+1 = Ps^f. Hence P Si v G V£ T . 
Further, assertion (i) follows from Lemma 16.81 Assertion (ii) follows from 
the relation P Si T = P Si PT if l(s%T) > K^)- Assertion (Hi) follows from (ii). 
The theorem is proved. □ 

Remark 6.12. It is easy to check the relations P S T ^i = ^ s (i)PsT , PsT Pi = 
Ps(i)PsT - Together with the relations from the previous theorem, they give a 
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complete description of the action of the algebra <g> 2l n in irreducible mod- 
ules and coincide (after simple transformations) with the formulas obtained 
in |N2j by other methods. 



Let us proceed to the description of analogs of Young's formulas for the 
algebra 2t n . For this we need to define analogs of the maps Pt ■ In contrast to 
the previous case, we cannot do this using the projection to the corresponding 
eigenspace. Instead, we will write an analog of formula ((4]), which gives an 
explicit decomposition of this operator. 

Fix a strict partition a, choose subspaces Vjf, V° T , where Sj is an admis- 
sible transposition, and set 



if fljaj+i 7^ 0, and 




, _ I _ TTj — Kj+ l \ TT-i + 7Tj + l 
Hsi — \ Ti — — g 2 



if aicii + i = 0. 

As above, let be the subspace in the irreducible module V a corre- 
sponding to the standard tableau filled by rows. Let T be an arbitrary 
tableau of shape a. Then there exists a unique s G S n such that T = sTq 
and s = 8^ . . . Si t is the reduced decomposition of the permutation s, and all 
transpositions in this decomposition are admissible. Set 

Qt = Qs!Qs 2 ■ ■ ■ Qs r 

Theorem 6.13 (Young's seminormal form for the algebra 2t n ). Let a be 

a strict partition and T be an arbitrary tableau of shape a. Then Qt does 
not depend on the choice of a reduced decomposition of s into the product of 
admissible transpositions, and the commutation between Ti G 2l n and Qt is 
given by the following formulas: 

(i) If en + a i+ i = (fli - a i+ i) 2 , then 

n- vrj + i 
TiQr = Qt- 

(ii) If a{ + a i+ i / (oj — ai + i) 2 , aia i+ i / 0, and l(siT) > l(T), then 

t.Qt = ^^Qt - \ - ^) Q SiT . 

Ifl(siT) < l(T), then 

7Tj - 7T i+ i If TTi VT i+ i\ / Sj + CJj+1 \ 

TiQr = Qt - - —= = 1 - t — ■ ^ Q Si T- 

<H — (H+1 2 V°4 J V (Oj+Oi+lJ / 
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(Hi) If di + Oj + i 7^ (dj — Oj + i) 2 , ajOj+i = 0, and l(siT) > l(T), then 

7Tj - 7T i+ l 7Ti + 7Tj + i 
WT = l^T J=T- VsjT- 

//Z(sjT) < |(T), tfien 

7Tj — 7T i+ i 7T; + 7Tj + i / a, + dj+1 

aj - a i+ i Joi + yX+i V \<H + Oi+i) 

Proof. First let us check that does not depend on the choice of a reduced 
decomposition. For this it suffices to check the equality 

QsiQsi+iQsi = Qsi+iQsiQsi+i, 

which can be done by directly enumerating all possible cases. Then the proof 
follows the scheme of the previous theorem. □ 
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